The purpose of this paper is to prove some miscellaneous theorem s on the permanent. We define I(k) to be the s malles t order of a 0, 1 matrix with permanent equal to k and obtain an asymptotic for· mula for log I (k). A few th eo re ms co ncerning the permanent of a circulant matrix are also proved.
Introduction
Let A = [aij] be an n X n complex matrix. The permanent of A is the scalar valued function of A defined by where the summation extends over all permutations iI, i2 , • • • , in of 1, 2, . . . , n. Much of the current interest in the permanent is derived from a conjecture of van der Waerden, and directly or indirectly this conjecture accounts for a great deal of the research that has been done; see e.g., [1 , 3, 4) ,1 Our purpose here is to prove some miscellaneous theorems on the permanent. In section 2 we define a function on the positive integers by means of the permanent and obtain an asymptotic formula. In section 3 we deal with matrices which are nonnegative circulants. We derive there a congruence and upper bound for the permanent and also a theorem which would be a consequence of the van der Waerden conjecture.
An Asymptotic Formula
For k a positive integer definefik) to be the smallest order of a 0, 1 matrix with permanent equal to k. It of course must be verified that this definition is mean-*This work was don e while th e fir st aut hor was a National Acad emy of Sciences-Nati onal Research Council Postdoctoral Resident Re searc h Associat e at the Nat ional Bureau of Standard s. 1964 Standard s. -1965 I Figures in bracket s indicate the literature references at the end of thi s paper.
ingful, and the following example s hows this to be so. Define Ak to be the k X k 0, 1 matrix
Then it is easily seen that per (Ak) = k.
The example
By taking direct sums we find that the function f also
where m and n are positive integers. This function f(k) is a very complicated one and how much can be said about it is not clear. However the following theorem shows that logf(k) is of the same order of magnitude as log log k.
Here we take Ej = 0 or 1, i=O, 1, . , n. We calculate th e permanental minor, Pi, of Ej; that is, the permanent of the (n + 1) X (n + 1) matrix obtained from (2.1) by strikin g out the row and column to which Ei belongs. We have Po =I, p,=2, and in general that
He nce by induction it follows that
The n by the Laplace expansion for the p erman ent we obtain
Now let k be any positive integer and write k in binary form, k=EO+ 2EI + . . . + 2liEn
where Ei= O or 1 for i=O, 1, . . . , n-I and En=l. The n by the above calculation A (Eo, EI, . . . , En) is an (n + 2) X (n + 2) 0, 1 matrix with permanent equal
Thus there is a constant a > ° su ch that
Now let r be the uniquely determined integer such that
The n it is clear that f(k) ~ r . An easy application of Stirling's formula s hows that for a suitable constant
He nce th ere is a co nstant c> ° suc h that
The two inequalities (2.3) and (2.4) imply the theorem upon passage to the limit. Now let ~(n) denote the class of all n X n 0, 1 matrices. The permane nt restricted to ~(n) is a function mapping ~(n) into the set of integers 0, 1, . . . , n!. The following corollary gives some information about its range.
Then there exists a matrix A in ~(n) with permanent equal to k.
PROOF. Let k < 2 n -l . Then the binary expansion of ,
with Ei=O or 1 for i=O, 1, . . . , n-2. But then A(Eo , EI , . .. , is a matrix in~(n) with permane nt equal to k. The n X n matrix in ~(n) which is obtained fro~. A(I , 1, . . . , 1) by re placing the ° in the (1, 1) pOSItIOn by a 1 has pe rmanent equal to 2 n -l . This establishes the corollary.
Nonnegative Circulants
Let C be an n X n nonnegative circulant matrix so that
the n X n full cycle permutation matrix, and Cj ~ 0, i=O, 1, . .. , n-l. Then the permanent of C is
where the summa tion extends over all permutations (T of 1,2, . . . , n. Suppose that for k=O, 1, .. . , n -1 there are precisely Xk integers i from 1, 2, . . . ,
Th en from the definition of a circulant it follows that
The Xk are ,nonnegative integers satisfying
By summing (3.2) over all i=I, 2, . . . , n they also satisfy
Hence we may write
where the summation extends over all nonnegative integers xo, Xl, • . ., Xn-I satisfyi ng (3.3) and (3.4) . Here f..t(xo , XI, . . ., Xn-l) is a nonnegative integer. PROOF. We have that
where the summation extends over all no nnegative 
== er(i-k)+k-i == er(i-k)-(i-k)
(mod p)
Here (i -k) is to be interpreted as its residue mod p in the complete residue system 1, 2, ... , p. But then as i varies over the integers 1, 2, . . . , p, (i -k) varies over 1, 2, . . . , p. Hence er and tkerC k give rise to eq ual sum mand s qfocfl . . . C,,_lxp-1 in per (C).
Suppose tkert-k = er for some k = 1, 2, . . ., p -1.
Then inductively it follows that tjkert-jk = er for j= 1, 2, Hence we may write
where the summation extend s over all nonnegative integers Xo, XI, • • ., Xn-l satisfying (3.3) and (3.4) .
Here again 1 + jk is to be interpreted as the residue in the appropriate residue system mod p. But asj varies over 1, 2, . . . , p so does the residue of 1 + jk. For
implies pi (j' -])k, the latter being impossible for p a prime. Therefore
i=l, 2, . . . , p, and this implies er=ta which is a contradiction. Hence the permutations u, tut -l , . . ., tP -1ut-(p -l) are all distinct. Therefore the coefficient of cilocfl . . . Cp _ lxp -l (3 .8)
n ---? 00 eE~(n; k)
PROOF. Clearly we need only prove (3.8) for the case k= 3. Thus let eE~(n; 3). Without loss of gener· ality we may assume that e=1+J>i + pj , 1:2ii < j:2in-l, (3 .9) where P is defined as in (3.1) . W e define a permuta· tion (T of 1, 2,. ., n in the following way:
It is easy to verify that (T is indeed a permutation of 1, 2, . . . , n. Now l , . . ,j -i (T(j-i-r)-(j-i-r) 
. , "t.
Hence the term in per (e) corresponding to the permu· tation (T is equal to (3.10) which, when e is given by (3.9) , is equal to l.
Let t be the permutation defined by t(i) == i + 1 (mod n). As in the proof of the preceding theorem (the primeness was not used in this part) it follows that the , permutations (T , t(Te l , • • ., t(n-l)(Tt-(n-l) all give rise to equal summands (3.10) n---?OO AE'JXn; k) (3 .12) PROOF. Again we need only prove (3.12) for the case k = 3. Thus let A be in ::D(n; 3). Without loss of generality we may assume that l:2ii < j:2in-l. 
